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Remarks on solving the one-dimensional time-dependent
Schrodinger equation on the interval [0,oc]: the case of a
guantum bouncer
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Institute of Physics, Nicholas Copernicus University, ul. Grudziadzka 5, 87-100 Torun, Poland
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Abstract. It is shown that theip Hamiltonian, which is a sum of operators which generate

a finite nilpotent Lie algebra and depends explicitly on time existing closed form solutions of
the time-dependent Sdidtinger equation, cannot fulfil in general boundary and normalization
conditions on a positive semi-axis. An explanation of the controversy surrounding the solutions
of the quantum bouncer model, which appeared recently in the literature, is given.

1. Introduction

Quantum theory of systems which are subjected to constraints has attracted far less interest
in the literature than the classical theory of such systems, the latter being in fact an inherent
part of any textbook on classical mechanics. There are of course quite well understood
reasons for such a state of affairs. Recently, however, when it became fashionable to
look for ‘finger prints’ of classical chaos in quantum physics, quantization of the simplest
possible classical nonlinear models attracted much interest. Among these models there are,
in particular, models of infinitely deep wells, gravitational bouncers, stadia of different
shapes and so on. Particles in these models are allowed to occupy only some restricted
volumes of space and this fact alone introduces nonlinearity to the equations of motion. In
order to have chaotic behaviour in such systems, boundaries of these volumes may also be
time dependent. This holonomic (time-dependent) type of constraint is a necessary condition
for the chaos to appear in one-dimensional models. To restrict motions of a quantum particle
to some domairt2 in the configurational space one assumes that the potential is infinite
at the boundaries and outside @f This fact in turn implies vanishing of the state vector
(in the position representation ) on the boundary and out€iddn this way the infinite
potential, which is responsible for the constraints, is in practice in all further considerations
represented exclusively by the boundary conditions imposed on the state function. It will
be demonstrated and explained in this paper why, when trying to solve problems with time-
dependent boundary conditions, this fact may lead to confusion. An example from the very
recent literature will be quoted in this context.

We consider here the one-dimensional gravitational bouncer, i.e. a pointzmiasthe
potential U (x) : U(x) = mgx for x > I(t) andU (x) = oo for x < I(¢). The functioni(¢)
is a real-valued function of time

The Schiédinger equation readsi(= 1,7 = 1)

19,0 = (=192 + gx)W @)
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and physically acceptable solutions must obey the condition
oo

Vit {\I—’(x,t) =0 forx=1I() and |W(x, )2 dx = l}. 2)

1()
The Schodinger equation (1) with the boundary conditions given in (2) has been studied in
a number of papers, (see the bibliography in [1]). It is well known that the simple change

of variable,x — y : y = x — I(¢), transforms (1) to the following form:

10,W = [—307 +il(1)0, + gy + gl(N]¥ = H(O)W ©))
and the boundary condition now reads
A {\If(y,t)zo fory=0 and/ |\I-’(y,t)|2dy=l}. (4)
0

In (3) i(r) denotes the time derivative ofr). Below we will denote time derivatives—both
ordinary and partial—either by dots or by superscripts in parentheses. Thus, for example,
v = gry,

2. Exact solutions

Let us write (3) in the following form:

4
EAES [Zai(t)Hi}lIl ®)
n=1
where
H =1 Hy=y Hs =02 Hy=id,
and
ay = gl(1) a=g 013=—% as=1().
The operatordd;,i = 1...4, generate a four-dimensional Lie algelkawith
4
[H:, Hj] = ZC;{,H/{
k=1
where the non-zero structure constants &re= 2i, c3, = —i. This is a nilpotent algebra

with the property
[[[K7 K]’ K?]a K] = 0

Now it is very tempting to take advantage of the formalism proposed by Wei and Norman
[2] and write the solution of (5) in the form

Y(y, 1) =U(t, 0¥ (y, 0 (6)
where the unitary time evolution operatbinz, 0) is given by
U(t,0) = exp(B1Hy1) exp(Bz2Hz) exp(BzHz) eXp(BaHa). (7)

Substituting (6) into (5) and taking advantage of the linear independenkie afie gets the
following differential equations for the unknown functiofig(z):

i1+ B2Ba+iBaps = gl
ifr=g
o=

iBa— 2P =1
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with the initial conditions
Bi(0)=0 fori=1,...,4

The solution of this nonlinear system of equations is easily obtained and reads

B1= —i|:g /tl(t’) dr’ + g/, LIty de’ + g2t3/6i|
0 0

pa = —igt

B3 =it/2

Ba = —i[1(t) — 1(0) + g1?/2].

If the order of H; in (7) is denoted by, 2, 3, 4) then there are three other distinct forms

of such factorized solutions. They have ordéts3, 2, 4), (1, 3,4,2) and(1, 4, 2,3). The
corresponding functiong; may also be calculated for each of these cases without any
problems. For our nilpotent algebra one may now make an effective use of the celebrated
Baker—Hausdorf formula, which in this case reads

exp(B; H;) exp(B; H;) = exp(B; H; + B; H; + 3B Bi[Hi. Hj]l + Cij + Cji)
where

Cij = 1B Bi[Hi. [Hi. Hj]].
Then all four of the distinct factorized forms df(y, ¢) lead to the following solution:

4

W(y, 1) =eXp<Zyi(t)Hi>\If(y,0) €
i=1

where

y1=—i [gf Ity de" + g/ ri@ydi’ —igr/2((t) — l(O))} 9)
0 0

y2 = —igt (10)
ys=it/2 (11)
ya = —i[l(t) = 1(0)]. (12)

The solution given in (8)—(12) can also be written in the following form

W(y,1) =exp<—i/ H(t’)dt’—l—%/ / [H(t”),H(t’)]dt’dt”)\l/(y,O)
0 0 JO

which is known in the literature as the Magnus formula [3].
There are still other forms of which may be obtained from (8) via the Baker—Hausdorf
formula. We mention here the one which appeared in [4]:

\Il(y, t) = exp(SlHl) eXﬂ—iOlezl‘ — iO{3H3t) eX[X(34H4)\I—’(y, 0) (13)
where
81(t) = ig/ 1ty dt’
0
84(t) = —i[l(t) — 1(0)].

We will call the family of equivalent solutions described in this paragraph the Wei—Norman
solutions (NS).
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3. The boundary conditions

For an arbitraryi(¢) the above exact solutions of the time-dependent @tthger equation
(wNs) cannot fulfil the boundary conditions given in (4). In what follows it will
be demonstrated that the boundary conditions are in general not compatible with the
Schibdinger differential equation. If this is the case then ttes cannot in fact fulfil
the boundary conditions.

Let us assume that the functidn(y, t) possesses at= t, time derivatives of all orders
and may be expanded in the Taylor power series in an arbitrarily small vicinityl',,
of t = t5. Then the initial boundary conditiod (y = 0, #5) = 0 will imply the equality
WU(y=0,t)=0forr el if

VO, Dli—py=0=0  n=012... (14)

In order to simplify the calculations let us perform the gauge transformation that is frequently
used while dealing with the bouncer:

W(y, 1) = expii(t) H) D (y, 1).
The function® fulfils the equation

id = H()d (15)
with

H = (a1 — 1% Hy + (a2 + ) Hp + or3H3 (16)
and must obey the boundary condition

Vt:{cb(y,t)zo fory=0 and/ |<I>(y,t)|2dy=1}.
0

It may easily be verified that

\I’(n)(y’ t)lyzO = o" (v, t)|y:0'
The hierarchy of conditions given in (14) starts as follows:

Doly—0=0 (17)
d>|t:to,y:0 = (_th:zo®0)|y:0 =0 (18)
®i—spy—0 = (—)?HZ, — iH—;,) Poly—0 =0 (19)
O30 = (—D)3H, + (=)?(@HH + HH),—, — iH,—,)Poly—0 = 0 (20)

where®g = ®(y, t = 1p).

It is seen from (16) that
H"), = [aaHz + asHa) 8,0 + [(a1 — i3, 1Hy + [1252 1 Hy.

=ty

Conditions given in (17)—(19) are fulfilled wheby is of the form
Po(y) =Y n®,(y)  fory>0 (21)

where
Ht:to®n(y) = An®n(y) ®n(0) =0

A, are eigenvalues ang, constants. It is well known that a comglete orthonormal set of
such functiong,, exists (it is assumed in this consideration that /,—,, > 0) and

0, (y) = NyAI([2(g + lizi)]Y3y + y0). (22)
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Ai is the Airy function, y,, are zeros of the Airy function, Ay,) = 0, and N, are
normalization factors:

00
/0 OZ(y)dy = 1.

The eigenvalues\, are as follows:
A = (1 — 519 — 27738 + L1=) >y

The condition in (20) now looks as follows
D@,y 10 = —aal ) H3Ho®oly—o = —il>, HaPoly—o.

Since in general dA¥)/dy|,—,, # O, the vanishing of®®|,_, ,—o requires that
12, =0.

In generald@9|,_, _o=0fork=1,2,... whenl2f’ =0fori =1,2,..., k.
To sum up the above result: unless the functioh has the propertx,({i),0 =0forn > 3,

solutions of the Sclirdinger equation will not vanish at = 0 for r € T, even if they did
vanish there for = #y. Sincery is arbitrary, the vanishing of all derivatives é¢faty =0
is possible only ifi(z) is a second-order polynomial.

Let us recall that the conditio® (y, t)|,—0 = O is a necessary part of the boundary
conditions given in (4). Meanwhile exact solutions which were obtained above via the
Wei—Norman method as well as all their mutations|s, reached by the application of the
Baker—Hausdorf formula were valid for arbitral). Why is it then that they cannot fulfil
the boundary conditions? The reason is as follows. If one adds on the right-hand side of
(5) a potential-like termxs Hs, whose role is to sweep the particle away from the negative
semi-axis ofy (e.g.asHs = VO(—y), with 6(—y) being the step functiod(—y) = 0
fory > 0,6(—y) = 1 fory < 0 andV is a constant; in the limi¥V — oo this term will
guarantee the vanishing @f for y < 0), then the algebra dfl;,i = 1,2, ..., 5, is not finite
any more and the method of Wei—Norman cannot produce in general an effective solution
of the equation. The cage= constant is an exception, however. Although adding the term
as Hs to the operato in (15) (s Hs survives the gauge transformation intact) results also
in an infinite algebra of time-indepedent operators, in the case Wisea constant we may
write the operatol = H + asHs as

H =mLi+ 1L
where

Li=H Ly = (a2 + [)Hy + a3Hz + asHs
and

n = ay — 3i° m=1

Since time-independent operatdrg and L, form a two-dimensional nilpotent algebra, the
problem is in principle solvable. The limi¥ — oo may be legitimately replaced in this
case by the boundary conditions

Vi {CD(O, 1) =0 and /Oo |D(y, 1)[2dy = 1}
0

imposed on the function

D(y, 1) = exp(—i/ H() dt’)@o(y).
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It is seen that when the functio® is taken in the form given in (21) the differential
equation (15) is compatible with the boundary conditions. One has

¢(%t)=exp<—i/m@hOU—-yQWDdf>§:CneMXQ”%84—Dy%m0-—mﬁ®nwl

(23)
The operatolU (¢, 1p), i.e. the one which transform&, has in this case the form

U(t, to) = exp(il(r) Ha) exp( —i / H(t) dt’) exp(—il(10) Hy). (24)

When the functiori(¢) is quadratic iry, it is only a matter of tedious algebra to show that
the above operator reduces to the one given in (8). It is clear from the derivation of (23) that
the operator (¢, to) given in (24) must act on function® (y, to) = exp(il(to) Ho) ®o(y).
(The casd = constant has been extensively treated in [5].)

Any solution of (3) which vanishes at= 0 and is normalizable on the positive semi-
axis of y may always be expanded as

W= "b,(1)E, (25)
on the complete set of orthonormal eigenfuncti@gy) of the time-independent operator
Hy = —%35 + gy =az3Hs+ a2 H> (26)

HoZa(y) = E%E,(y)  En(0) =0 A|ammwﬂ

and it follows from (22) tha&, (y) = N,Ai((2g)Y3y+y,). In practice¥ given by (25) can
be obtained if the Scbdinger equation (3) is projected onto the basjsand the resulting
set of differential equations solved for the functiansr).

The fact that—wheld(z) is not a simple parabolic function ef—the wNs do not vanish
at y = 0 during the evolution is detectable when any of the above mentioned solutions
(wNs) is projected onto the basi,. The resultingy"NS do not satisfy the set of equations
that must be satisfied by the expansion coefficiéptef a correct solution (25). It must be
so because an expansion of a solution in the b&agisnplies that the solution vanishes for
y < 0 at all instants of time. This in turn means that there is in fact an infinite potential
acting on the negative semi-axis pf We remember that th&ns were obtained by omitting
this potential and therefore they cannot be legitimately expanded on such a basis during the
evolution. For the solution taken in the form given in (13) this fact was already proved in

[6].
4. Concluding remark

We believe that this paper throws some new light on the problem of solving&iciger
equations in cases when Hamiltonians are time-dependent operators and solutions must be
normalized in some subspageof the configurational space. It was explained why in these
cases, when the Hamiltonian belongs to a finite nilpotent Lie algebra, the known methods
of obtaining closed form solutions which work perfectly well in the infinite configuration
space are not applicable in a subsp&eBasically, the same type of arguments may be
applied to a model of a particle in an infinitely deep potential well with a time-dependent
width (recent literature on this model may be found in [7]). In this case, when an infinite
potential is disregarded, relevant operators form a solvable algebra (not a nilpotent one) and
this is also enough for the Wei-Norman method to generate closed form solutions. Once
more, however, these solutions will not obey in general the required boundary conditions.
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